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Notation
The symbol D will be written for the space of indefinitely differentiable functions on the n-dimensional Euclidean space R" which have compact support and D' will denote the space of Schwartz distributions on R", the topological dual of D. Except where the contrary is explicitly stated, it will be assumed that D' is equipped with the strong topology P(D', D) induced by D.
Definitions
We shall always use the term space of distributions (or, more briefly, distribution space) to mean a vector subspace of D' which contains the subspace D. This convention will help us to avoid much tedious repetition.
2.1. DEFINITION. Suppose that E and E' are spaces of distributions and that < , > is a bilinear form on ExE' such that the relations (2.1) <", tp> = u * q>(0) (ueE) (2.2) <<?, v} = q> * »(0) (veE 1 ) hold whenever <p is an element of D. Then the ordered pair (E, £") together with the bilinear form < , ) is called a dual pair of distribution spaces. We shall usually omit explicit reference to the bilinear form < , > and speak simply of the dual pair (E, £"). The next definition was introduced by Yoshinaga and Ogata in [1 ] . We restate it here for the sake of completeness. [1] ). Suppose that £ is a locally convex space of distributions which possesses the following two properties:
DEFINITION. (Yoshinaga and Ogata
(ii) The injection mappings D -*• E and E -* D' are continuous.
Then E is said to be an admissible space.
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use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446788700008405 [2] On mappings which commute with convolution 123 REMARK. The topological dual E' of an admissible space E will always be identified with a space of distributions in such as way that (E, E') (with the bilinear form arising from the natural pairing of E and £")) is a dual pair of distribution spaces. This (unique) embedding of E' in D' will be called the natural embedding.
We now introduce the spaces with which we shall be concerned in this note. PROOF. If we bear in mind the theorem in Section 5.11.3 of Edwards [2] , it is simple to show that the mapping v ~* Tv (v e E') is the adjoint of the mapping u^-Tu (ueE) of E into itself.
PROPOSITION. Suppose that E is a (c)-space and that T is a continuous linear mapping of D' into itself which commutes with convolution (by elements of D). Then H C (E, D') is invariant under T and
PROOF. Once again using the theorem in Section 5.11.3 of Edwards [2] , it is not difficult to demonstrate that the mapping u -* T(u * w) (weE) defines an element of H C (E, D'). The latter is readily shown to be just Tw.
As an adjunct to Proposition 3.2, we have the following result. Its proof is along the same lines as that of Proposition 3.2.
PROPOSITION. Let T be a continuous linear mapping q/D' into itself which commutes with convolution (by elements of D). Suppose that E is a (c)-space with the following property: (i) E is invariant under T and the mapping u -* Tu (we E) of E into itself is continuous.

It then follows that (Tu) * w = T(u* w) = u* (Tw) (ueE, we H C (E, D'))
The foregoing three propositions easily yield the following facts about spaces of type (c). These will be needed later.
PROPOSITION. Suppose that E is a (c)-space. Then the following assertions are true: (1) E' is a module over D and for each cp e D <M * <p, v} = <«, v * <p> (ue E, ve E') (2) H C (E, D') is a module over D and for each q> e D (u * <p)~* w = (u* w) * cp = u* (w * q>) (u e E, w e H C (E, D'))
A criterion for mappings which commute with convolution
In this section we shall take a look at a condition which determines whether a distribution w e D' is an element of H C (E, D'). We need the next result to do this. If the space E has the topology %{E, E'), then the preceding result has a converse. We have then the following criterion for determining whether a distribution w belongs to H C (E, D').
PROPOSITION. Suppose that E is a (c)-space and that w e H C (E, D'). Then the following assertion is true:
(1) w * cp e E'
THEOREM. Suppose that E is a (c)-space which has the topology x(E, £") and that w G D'. Then the following two conditions are equivalent:
(1) weH c (E,D') (2) w * <p e E' for all q> e D and the mapping q> -> w * <p (<p eD) ofD into E' is weakly continuous.
PROOF. We need only show that (2) implies (1). Consider the adjoint of the mapping cp -* w * cp (<p e D), which is a linear mapping of E into D'. This adjoint is continuous (because E has the topology x{E, E')) and commutes with convolution (because of Proposition 3.4). It is therefore represented by a distribution in H C (E, D') and this distribution is easily shown to be precisely w.
COROLLARY. Suppose that E is a (c)-space which has the topology x(E, E'). Then E' is contained in H C (E, D').
An additional restriction on E, which in itself is not too severe, enables us to strengthen considerably the content of Theorem 4.2. We now turn our attention to this task, beginning with a couple of lemmas. and the weak continuity of L (as a mapping of D into D') is now evident. Next, we notice that L commutes with convolution; this is an immediate consequence of Proposition 3.4 (2).
LEMMA. Suppose that E is-a (c)-space and that ue E. Let weD' be a distribution which has the following property: (i) w* (pe H C (E, D')for each cpeD.
Then there exists a distribution s e D' such that u~* (w * q>) = s * <p (cp e D).
PROOF. Let u and
Having established the continuity and convolution commutativity of L, we infer the existence of a distribution seD' such that (4.10) L<p = s*q> (<peD).
In view of (4.7), we see that (4.10) expresses the desired result.
LEMMA. Suppose that E is a (c)-space which has the topology z(E, E') and whose dual E' is sequentially complete for the topology P(E',E). Let w e D' be a distribution which has the following property:
(i) w * <p e H C (E, D')for each q> e D. »
Then w is an element of H C {E, D').
PROOF. Let w be a distribution which has property (i) above. Choose a countable approximate identity Our first claim is that, for each m, the mapping L m is strongly continuous from D into E'. This is easy to verify. For, in view of the hypothesis about w, reference to Proposition 4.1 assures us that, for each m, L m is weakly, and hence also strongly, continuous. (The assertion about the strong continuity of each L m is justified by Proposition 8.6.5 in Edwards [2] ). We notice also that relations (4.11) and (4.1) entail that for each m and each ueE With the aid of the above two lemmas, we can prove the following variant of Theorem 4.2. REMARK. Proposition 4.6 is applicable to (c)-spaces E which are either barrelled or bornological; see Section 8.4.13 in Edwards [2] .
THEOREM. Suppose that E is a (c)-space which has the topology x(E, E') and whose dual E' is sequentially complete for the topology P(E', E). Let w
